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Abstract– This paper presents a method to design a new control algorithm,
using the nonlinear feedback transformation technique to deal with the con-
trol problem of multilevel inverter-induction motors system. To provide ef-
fective control, nonlinearities and flying capacities voltages variations in the
model must be taken into account in the control design. Based on input-
output linearization theory, a decoupled nonlinear control strategy is ob-
tained for induction motor by assuring multilevel inverter capacities voltages
stabilization. Simulation results demonstrate that the approach proposed in
this paper is correct, and the control strategy designed is effective.
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1. Introduction

Along with the development of power electronics and micro-
electronics, nonlinear systems and control theory have witnessed
tremendous development. Feedback linearization is one of the
most active research areas. It considered as a powerful tool for
control of nonlinear systems and it has been successfully applied
to the control of power electronics based systems [1, 2]. In view
of the non linear multivariable and strongly coupling character-
istics of AC machines some researchers use the newly devel-
oped feed back linearization to realize decoupling control [3]. In
feedback linearization the nonlinear induction motor modeling is
transformed to a linear one by choosing a different state repre-
sentation [4]. An equivalent linear model of the original one is
obtained by using nonlinear transformation [5].

Recently, multilevel inverters have appeared as a new breed of
power inverters to feed induction motor. The main advantages
of these inverters include the increase of power, the reduction
of voltage stress on power switching devices and the generation
of high quality output voltages. Multilevel inverters have drawn
a tremendous attention and have been studied for several high-
voltages and high-power (rolling mill, traction...) since they have
particular advantages that suit these types of applications [6]. In
this paper, the modelling of the multilevel inverter fed induction
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machine shows the existence of various types of non linearities.
These non linearities are caused at first in the state matrix, by
the strong coupling between induction motor variables states, in
particular between the flux and the torque, on the second part
by the non linearities in the control matrix caused by the de-
pendence between the flying capacitor voltage sources, the sta-
tor current and the control signal of adjacent cells of multilevel
inverter. In thus conditions, the stabilization of the flying capaci-
ties voltages is undoubtedly one of the most important problems.
In literature, several proposals in high-voltage high-power treat
induction motor and multilevel inverter as a separately system
to resolve nonlinearities, under certain conditions a simple open-
loop control guarantees natural balancing of the flying voltages
[7, 8, 9, 10]. For example if the impedance of the load is high at
the switching frequency, the dynamic of natural balancing is very
low, consequently an extra hardware “balance booster” RLC fil-
ter is introduced between multilevel inverter and the induction
machine [11, 12, 13]. In order to control the non-linear system
without “balance booster” it is necessary to make use of non lin-
ear control techniques. The Algorithm control law proposed by
authors consists to decouple rotor flux and angular speed by as-
suring multilevel inverter flying capacities voltages stabilization.

The remainder of this paper is organized as follows. We give
in section 2 a brief review of multilevel inverter topologies and
the control strategies, in Section 3, we develop the four level in-
verter output voltages expressions. In Section 4, the fort depen-
dence between multilevel inverter capacities voltages and stator
current evolution is proved based on an analysis of the current in
each capacity for various power switches states. In Section 5, we
develop the modelling system by taking into account the flying
capacities voltages variations. Section 6 shows how the devel-
oped algorithm provides rotor flux and angular speed decoupling
in one hand and multilevel inverter capacities voltages stabiliza-
tion on the other hand. Finally, simulation results are presented
in Section 7 with some brief concluding remarks.

2. Review of Multilevel Inverter Topologies and Control
Strategies

In high voltage high power conversion system, the blocking
voltage capability of the power switch semiconductors gives a
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limitation on the maximal allowed DC link voltage for the con-
ventional bipolar inverter. In the other hand, the limitation of the
switching frequency for the high power switches increases diffi-
culties in building PWM inverter with a wide output frequency
range. It is therefore of significant practical importance to in-
crease the number of levels in the output voltage with a harmonic
voltage spectrum, which is outside the pass band characteristics
of the load. The technology of the series connection of large turn-
off devices is very difficult because of the dispersion of turn-off

time from one device to another [11]. This problem is resolved
by connecting in series several controllable cells based on a sin-
gle device connection to get multilevel topology like: the diode
clamped multilevel inverter (NPC) [11, 12, 13], the Flying Ca-
pacitor Multilevel Inverter (FCMI) also called imbricated cells
multilevel inverter [11, 14, 15] shown by figure1and represents
the topology considered in this paper, the Cascaded Multilevel
Topology and the Hybrid Multilevel Topology [16, 17].

The PWM modulation of the multilevel inverter must in the
same time permit the balance of the number of switching tran-
sitions between the cells and preserve the natural balancing
property of this inverter. Different modulation strategies are
used to optimized the spectral quality of this inverter, like the
Phase Shifted Carriers PWM (PSCPWM) [11], the Phase Dis-
position PWM (PDPWM) and the Centered Space Vector PWM
(CSVPWM) [17, 18].

The conventional modulation approach strategy control
adopted in this paper is the Phase Shifted Carriers PWM
(PSCPWM) since it satisfies to the principal objectives of the
multilevel inverter. As shown in figure 2, for the PSCPWM con-
trol the cell switching is controlled by a sine-triangle compari-
son, every cell possess its carrier waveform and a common refer-
ence sine waveform. For an N level inverter (with p commutation
cells), per phase the PSCPWM uses (p = N − 1) carrier wave-
forms of the same amplitude, frequency and phase-shift α = 2π

p
between the adjoining cells and each carrier is compared with
three-phase sine waveform variable frequency.

3. Four Level Inverter Output Voltages Expressions

Each phase of the four level inverter shown by figure1, is
composed of 3 commutations cells connected with a set of two
flying-capacitor voltage sources UC(i, j) and a pairs of 3 turn-on
and turn-off controlled semiconductor devices T (i, j) and T ′(i, j)
which have complementary states. Each flying capacitor C(i, j)
is connected between the pairs of switches T (i, j+1), T (i, j) con-
trolled by the control signal S (i, j + 1) and S (i, j) [19, 20].
i ∈ [1, 2, 3] and j ∈ [1, p] ( for N levels inverter the number of
the commutations cells is given by p = N − 1).

The per phase output voltage of the four level inverter UAN ,
UBN and UCN , are expressed in terms of the flying capacities volt-
ages [∆Uc]i and the switching function S phi [19] as:


UAN

UBN

UCN

 =
1
3


2 −1 −1
−1 2 −1
−1 −1 2




[∆Uc]1 [000] [000]
[000] [∆Uc]2 [000]
[000] [000] [∆Uc]3





[
S ph1

]
[
S ph2

]
[
S ph3

]


(1)

The Clark transformation [T32] is used to pass from the three-
phase voltages system [UANUBNUCN]T to an equivalent two-
phase system [19], such as



USα

US β


= [B1].[U]; dim[B1] = (2, 9) (2)

With:

[U] =



[
S ph1

]
[
S ph2

]
[
S ph3

]


; Dim [U] = 9 (3)

[ B1 ] =
2
3


[∆UC]1 − 1

2 [∆UC]2 − 1
2 [∆UC] 3

[000]
√

3
2 [∆UC]2 −

√
3

2 [∆UC] 3

 (4)

4. Flying Capacities Voltages Evolutions

In order to describe the influence of the different states of the
switches T (i, j), T ′(i, j), T (i, j + 1) and T ′(i, j + 1) on the evolu-
tion of the flying capacities voltages UC(i, j) and on the currents
Ic(i, j) as shown in figure 2, we analyse the current in each capac-
ity C(i, j) for various possible states of the switches. This analytic
study is developed in [18, 19, 20] and gives in equations (5) and
(6) the relations between C(i, j), Ic(i, j), Uc(i, j) and S (i, j)

d
dt



Uc(1, 1)
Uc(1, 2)
Uc(2, 1)
Uc(2, 2)
Uc(3, 1)
Uc(3, 2)



= [B2].[U];dim[B2] = (6, 9) (5)

With:

[B2]

=



− I1
C (1,1)

I1
C (1,1) 0 0 0 0 0 0 0

0 − I1
C (1,2)

I1
C (1,2) 0 0 0 0 0 0

0 0 0 − I2
C (2,1)

I2
C (2,1) 0 0 0 0

0 0 0 0 − I2
C (2,2)

I2
C (2,2) 0 0 0

0 0 0 0 0 0 − I3
C (3,1)

I3
C (3,1) 0

0 0 0 0 0 0 0 − I3
C (3,2)

I3
C (3,2)



(6)

[B2] is a nonlinear matrix. This nonlinearity as shown in equa-
tion (6) is caused by the dependence between flying capacities
voltages and stator currents I1, I2 and I3 evolutions [18, 19].

5. System Modelling by Taking into Account Flying Capaci-
ties Voltages Variations

The state-space representation of the induction motor-four
level inverter system in (α, β) stationary reference frame is given
by:

dX
dt

= [A (X)]X + [B(X)] U (7)
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Fig. 1. Four level inverter fed induction motor.

Fig. 2. Phase Shifted Carrier PWM for a four level inverter.

Fig. 3. All possible states of switches on both sides of the capacitor C(i, j).

The state space vector X is composed by six flying capacities
voltages, two stators current components, two rotors flux compo-
nents, and the angular speed ω, such as:

X = [ [U(i, j)
C ]T [iS ]T [ϕr]Tω ]T (8)

With:

dim[UC(i, j)]T = (3p − 3, 1) = (6, 1)

[iS ] = [isα isβ]T

[Φr] = [ϕrα ϕrβ]T

The control vector U is composed by the commutations cells
control signals S (i, j), given by:

U = [S (1, j), S (2, j), S (3, j)]T With dim[U] = (9, 1)
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Equation (9) represents the state matrix such as:

[ A ] =



0 · · · · · · 0
... · · · · · · ...
0 · · · 0 0
0 · · · 0 [AM]


(9)

With:

dim[A] = (11, 11) And dim[AM] = (5, 5)

And:

[AM] =



−γ 0 K
Tr

0 pnKϕrβ

0 −γ 0 K
Tr

−pnKϕrα
M
Tr

0 − 1
Tr

0 −pnϕrβ

0 M
Tr

0 − 1
Tr

pnϕrα

0 0 µiS β −µiSα − f
J


(10)

The system modelling in terms of the flying capacities voltages
variations is given by:



U̇c(1, 1)
U̇c(1, 2)
U̇c(2, 1)
U̇c(2, 2)
U̇c(3, 1)
U̇c(3, 2)
i̇sα

i̇sβ

ϕ̇rα

ϕ̇rβ

ω̇



= [A]



Uc(1, 1)
Uc(1, 2)
Uc(2, 1)
Uc(2, 2)
Uc(3, 1)
Uc(3, 2)
isα

isβ

ϕrα

ϕrβ

ω



+ [B(X)]



S (1, 1)
S (1, 2)
S (1, 3)
S (2, 1)
S (2, 2)
S (2, 3)
S (3, 1)
S (3, 2)
S (3, 3)



(11)

The control matrix B(x) is deduced from equations (4) and (6)
and given by:

[B(X)] =



[B2(X)]

[B1(X)]
σLs

000000000

000000000

000000000



(12)

With:
Dim([B(x)]) = (11, 9).

Based on system modelling, we can see clearly the nonlinear-
ity in the state and in the control matrices [19, 20]. The first is
caused by the strong coupling between induction motor variables
states and the second is due to the power devices components
nonlinearity. Input output linearization technique-based system
control has presented a singularity in calculation. To overcome
this one, an algorithm is developed and presented in Section 6.

6. Control Algorithm Development

The proposed algorithm shown by figure 4 is constituted by
two blocks diagrams. The first one aims to resolve the state ma-
trix nonlinearity. A nonlinear decoupling control based on feed-
back linearization theory is developed to control and decouple

rotor flux and angular speed. Input-output feed back control pre-
sented into block1 will generate thereafter the three references
voltages U1re f , U2re f and U3re f . Flying capacities voltages stabi-
lization based on PI regulators is presented into the second block
diagram. As a result, these two blocks diagrams are combined to
generate the PWM four level inverter controls to feed induction
motor [19].

The decoupling control system based on Input-output lin-
earization consists to develop a static feed back [21, 22] described
by equation (13) and schematized by figure 5 presented below:

u = α(x) + β(x) v (13)

Based on algorithm control, the induction motor variables
states to be controlled are the rotor flux modulus square given
by Φ=ϕ2

rα+ϕ2
rβ and the angular speed ω.

For the control design, the complete state space model is given
in the form of equation (A.35) and equation (A.36) as follows.

y =


y1

y2

 =



h1(x)

h2(x)


=


ω

Φ

 =



ω

ϕ2
rα+ϕ2

rβ


(14)

Proceeding with the exact steps as outlined in the Appendix A,
the followings can be derived.

ḣ1(x) = L f h1(x) = ω̇ (15)

ḧ1(x) = L2
f h1(x) +Lg1L f h1(x) Usα+Lg2L f h1(x) Usβ

(16)

And:

ḣ2(x) = L f h2(x) = Φ (17)

ḧ2(x) = L2
f h2(x) + Lg1L f h2(x) Usα+Lg2L f h2(x) Usβ (18)

With:

L2
f h1(x) = µ(γ+

f
J

+
1
Tr

)(isαϕrβ − isβϕrα) − pnk µ(ϕ2
rα + ϕ2

rβ)ω

− pnµ(isαϕrβ+ isβϕrα)ω + (
f
J

)2ω +
f TL

J2

(19)

And:

Lg1L f h1(x) =
−pnK

J
ϕrβ (20)

Lg2L f h1(x) =
pnK

J
ϕrα (21)

L2
f h2(x) = 2


(

M
Tr

)2 (
i2sα + i2sβ

)
−

(
3M
T 2

r
+
γM
Tr

)(isαϕrα + isβϕrβ

)

+

(
2

(T r)2 +
Mk

(T r)2

) (
ϕ2

rα + ϕ2
rβ

)

−Mpn

Tr

(
isαϕrβ − isβϕrα

)
ω

]

(22)

Lg1L f h2(x) = 2RrKϕrα (23)
Lg2L f h2(x) = 2RrKϕrβ. (24)
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Fig. 4. Control algorithm scheme of the induction motor-four level inverter system; block diagram 1: rotor flux and angular decoupling control; Block diagram 2: PI
controllers in opened loop to stabilize the four level inverter flying capacities voltages.

Fig. 5. Input-output linearization system diagram.
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Feed back regulation dynamic of the decoupled and linearized
system is given in step with the newly control vectors v1 and v2
as: {

ḧ1(x) = v1

ḧ2(x) = v2
(25)

The system can be rewritten as the following form:


ḧ1(x)

ḧ2(x)

 =


L2

f h1(x)

L2
f h2(x)

 + ∆(x)


USα

US β

 (26)

The control decoupling matrix ∆(x) is given by:

∆(x) =

[ −pnK ϕrβ

J
pnK ϕrα

J
2RrKϕrα 2RrKϕrβ

]
(27)

∆−1(x) =


− Jϕrβ

K pn(ϕ2
rα+ϕ2

rβ)
ϕrα

2K.Rr(ϕ2
rα+ϕ2

rβ)
Jϕrα

K.pn(ϕ2
rα+ϕ2

rβ)
ϕrβ

2K.Rr(ϕ2
rα+ϕ2

rβ)

 (28)

The decoupling matrix is singular only if Φ = 0 [19, 23].This
singularity is taking place only at the motor start up. It proves
to be necessary to provide an open loop control law such as the
conventional constant volts per hertz law, known as U/f control,
during the motor start up phase and to lock up the system on the
feed back linearization control when there’s an appearance of a
minimal flux Φ [24, 25]. If the decoupling matrix is non singular,
the feed back non-linear control is given by:

[
USα

US β

]
= ∆(x)−1


−L 2

f h1(x) + v1

−L2
f h2(x) + v2



= ∆(x)−1


−L 2

f h1(x)

−L 2
f h2(x)

 + ∆−1(x)


v1

v2



= α (x) + β (x)


v1

v2

 (29)

Such as: 
α(x) =∆(x)−1


−L2

f h 1(x)

−L2
f h2(x)


β(x) =∆(x)−1

(30)

And:



−L2
f h1(x) + v1

−L2
f h2(x) + v2


=



−µ(γ +
f
J + 1

Tr
)(isαϕrβ − isβϕrα) + pnKµΦω

+pnµ(isαϕrα + isβϕrβ)ω − f 2

J2ω − f TL
J2 + v1

− 2M2(i2sα+i2sβ)
Tr

+ 2( 3M
T 2

r
+

γM
Tr

)(isαϕrβ − isβϕrα)

−2( 2
T 2

r
+ Mk

T 2
r

)Φ +
2Mpn(isαϕrα+isβϕrβ)ω

Tr
+ v2


(31)

Figure 6 represents the structure of the proposed non-linear
regulator.

For tracking Usα and Usβ, the newly inputs control vectors v1
and v2 are selected by proportional and integral regulators control

[4, 19], such as:


v1 = −ka1(ω − ωre f ) − ka2ω̇−
t∫

0
ωdt

v2 = −kb1(Φ − Φre f ) − kΦ̇
b2

(32)

The constant parameters Ka1, Ka2, Kb1 and Kb2 are calculated
and selected such as the system in a feed back control is stable
and satisfy high dynamic performances [25].

As result, the expressions of the control vectors are given by:

Usα =
−ϕrβJ
K pnΦ

[
− µ(γ +

f
J

+
1
Tr

)(
isαϕrβ − isβϕrα + pnKµ

)

× (
Φω + pnµ

(
isαϕrβ + isβϕrα

)
ω
) − f 2

J2ω−
f TL

J2 + v1

]

+
ϕrα

2KRrΦ

[
−

2M2(i2sα + i2sβ
)

T 2
r

+ 2
( 3M

T 2
r +

γM
Tr

)

(
isαϕrβ + isβϕrα

) − 2
( 2
T 2

r
+

Mk
T 2

r

)
Φ

+
2Mpn

((
isαϕrβ − isβϕrα

)
ω

Tr
+ v2

]
(33)

US β =
ϕrαJ

K pnΦ

[
− µ(γ +

f
J

+
1
Tr

)(
isαϕrβ − isβϕrα

)

+ pnKµΦω + pnµ
(
isαϕrβ + isβϕrα

)
ω − f 2

J2ω −
f TL

J2 + v1

]

+
ϕrβ

2KRrΦ

[
−

2M2(i2sα + i2sβ
)

T 2
r

+ 2
(3M

T 2
r

+
γM
Tr

)

(
isαϕrβ + isβϕrα

) − 2
( 2
T 2

r
+

Mk
T 2

r

)
Φ

+
2Mpn

((
isαϕrβ−isβϕrα

)
ω
)

Tr
+ v2

]

(34)

7. Simulation Results and Discussion

Simulation parameters are: DC link bus voltage E = 600 V, fly-
ing capacitors voltages values Uc(i,j)ref = jE/3 with j∈[1, 2, 3],
output frequency = 50 Hz,Triangular Carrier period and fre-
quency Td = 400 us and fd = 2.5 k Hz, induction motor nominal
power Pn = 45 Kw, nominal angular speed ωn = 153 rad/s, pairs
of poles pn=2. To obtain a fast and stable answer on speed and
flux, the PI regulators parameters are selected such as: K a1= 3,
Ka2= 6103, K b1 = 1.75106 and Kb2 = 70.

Algorithm-based simulation results, present in Fig.8, Fig.9 and
in Fig 10 angular speed, modulus square rotor flux and stator cur-
rent respectively, at nominal and decelerated functioning mode
before and after load torque application (decelerated mode corre-
sponds to ωn/5).

Fig. 11 and Fig. 12 given below represents angular speed
and rotor flux behaviors at nominal and accelerated function-
ing mode, before and after load torque (accelerated mode cor-
responds to 4ωn/3).

During the accelerated functioning mode we defluxed the mo-
tor in order to keep its functioning in a constant power witch
corresponds to the nominal one.
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Fig. 6. The proposed non-linear regulator.

Fig. 7. Induction motor electromagnetic torque before and after load torque: Time interval of load torque application [0.2s .04s] and [0.8s 0.9s].

Fig. 8. The behavior of the angular speed before and after load torque for nominal and decelerated functioning: nominal and decelerated speed intervals times [0.05s
0.65s] and [0.65s 1.1s]s respectively.

Fig. 9. Rotor flux square modulus behavior in nominal and decelerated mode after and before load torque.

Fig. 13 represents the per phase four level flying capacities
voltages Uc(1,1) and Uc(1,2) for references values: Uc(1,1) ref
= 200 and Uc(1,2) = 400 V.

Fig. 14 represents the phase to phase four level inverter output
voltages.

Based on the obtained simulation results, we can deduce:
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Fig. 10. Stator current evolution after and before load torque.

Fig. 11. Angular speed before and after load torque for nominal and accelerated mode: nominal and accelerated speed intervals times [0.05 s 0.65 s] and [0.65s 1.1s]
respectively.

Fig. 12. Rotor flux square modulus at nominal and defluxed mode at nominal and decelerated speed functioning during intervals times [0.1s 0.65s] and [0.65s 1.1s]
respectively.

Fig. 13. The 1st phase flying capacities voltages Vc(1,1) and Vc(1,2).
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Fig. 14. Phase to phase output voltage of the 4 levels inverter.

• The load torque acting on the induction motor speed is
quickly compensated by the proposed regulators with a sta-
bilisation time lower than 1s in nominal, accelerated and
decelerated functioning mode.

• Speed and flux reaches their desired references values with
a speed fall lower than 2%.

• A perfect decoupling between speed and flux even in the
rotor flux transient.

• The insertion of the load torque affects speed without how-
ever affecting flux.

• A reasonable evolution of the stator current before and after
load torque

Fig. 11 shows that the speed is insensitive to the rotor flux
variations even in a defluxed mode. This confirms the control
algorithm efficacy to allow a full decoupling of rotor flux and
speed control. Speed error does not exceed 1 % and it remains
lower than that desired in several applications with a high perfor-
mances.

In Fig 13, the flying capacities voltages are balanced, stables
and reached their references with an undulation lower than 5%

In fig 14 the phase to phase output voltage of the four level
inverter presents four level voltages: 0, E/3, 2E/3 and E

8. Conclusion

A new approach is developed to control multilevel inverter-
induction motor system based on input-output linearization the-
ory. Speed and flux decoupling control by assuring flying capac-
ities voltages stabilization are our objectives in this paper. Algo-
rithm control law has been tested through simulation in acceler-
ated, decelerated speed and in defluxed mode. Simulation results
show that the proposed algorithm allows speed and flux decou-
pling control and flying capacities voltages regulation simulta-
neously with high performances dynamic. The results obtained
show that this technique may overcome some difficulties related
to multilevel inverter-induction motor system control.

9. List of symbols

M: mutual inductance
Rs, Rr: the stator and rotor resistance respectively
Ls, Lr: the stator and rotor self-inductance respectively
Ts=Ls/Rs, Tr=Lr/Rr: Stator and Rotor time constant
σ =(1-M2/Ls/Lr): Leakage factor
K=M/(σLsLr)
γ =Rs/(σLs)+RsM2sr/(σLsLr); µ=3p2/(2JLr)
ω : induction motor angular speed
φrα and φrβ: 2 phase rotor flux linkages
isα and isβ: 2 phase stator current
f : Viscous friction coefficient
pn: number of pole pairs
J: inertia moment coefficient
TL: load torque
i ∈ [1, 2, 3] for the three phases
j ∈ [1 . . . p] for the number of cells in each phase
T (i, j) & T ′(i, j): Two Power semiconductor switches for
the ith phase jthcell having complementary switching signal
S (i, j): switching signal of T (i, j)
S ′(i, j): switching signal of T ′(i, j), complementary of
S (i, j)
C(i, j): flying capacitor for the ith phase jth cell
UT (i, j): voltage across the switch T (i, j)
Uc(i,j): voltage across flying capacitor for the ith phase jth

cell
E: DC bus voltage in the input of the inverter
UAO, UBO, UCO: the voltages between each phase and the
middle point of the DC input source
UAB,UBC ,UCA: voltages between two consecutives phases
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Appendix A

Feedback linearization control
A brief review of nonlinear control using feedback lineariza-

tion without loss of generality, the following MIMO (multiple
input and multiple output) system is considered is presented here.

Consider a multivariable nonlinear system:

ẋ = f (x)+
m∑

i=1

gi(x)ui (A.35)

y = h(x) (A.36)

where x(∈ Rn) is state vector, u(∈ Rm) represents control inputs,
y(∈ Rm) stands for outputs, f and g are smooth vector fields, and
h is a smooth scalar function. The input–output linearization of
the above MIMO system is achieved by differentiating y of the
system until the inputs appear explicitly. Thus, by differentiating
(A2),

ẏi= L f hi+

m∑

j=1

(lg jhi)u j ; i = 1, . . . ,m (A.37)

Where L f h and Lgh represent the Lie derivatives of h(x) with
respect to f (x) and g(x), respectively. The key point is that,
if Lg jL

(ri−1)
f hi(x) = 0 for all j, then the inputs do not appear in

(A.37) and further differentiation is to be repeated as:

yri
i = L(ri)

f hi +

m∑

j=1

(Lg jL
(ri−1)
f hi)u j; i = 1, . . . ,m (A.38)

Such that Lg jL
(ri−1)
f hi(x) = 0 for at least one j. This procedure is

repeated for each output yi, thus, there will be a set of m equations
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given by:



y(r1)
1
...

y (rm)
m


=



Lr1
f h1(x)

...
Lrm

f hm(x)


+ ∆(x) =



u1
...
um

 (A.39)

Where ∆(x) is expressed by:

∆(x) =



Lg1Lr1−1
f h1 · · · LgmLr1−1

f h1
...

...
...

Lg1Lrm−1
f hm · · · LgmL rm −1

f h1


(A.40)

∆(x) is suitably called as the decoupling matrix for the MIMO
system. If ∆(x) nonsingular, then the control u can be obtained
as:

u = −∆−1(x)



Lr1
f h1(x)

...
Lrm

f hm(x)


+∆−1(x)



v1
...
v2

 (A.41)

Where v = [v1, . . . vm]T are the new set of inputs defined by the
designer. The resultant dynamics of the system with new control
is easily obtained by substitution of (A.41) into (A.39) and is
given by 

y(r1)
1
...

y (rm)
m


=



v1
...
v2

 (A.42)

It is readily noticed that the input–output relation in (A.42) is
decoupled and linear.
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